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Novel Strategy for Suppressing the Flutter Oscillations
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A new strategy, based on the nonlinear phenomenon of saturation, is proposed for controlling the � utter of a
wing. The concept is illustrated by means of an example with a rather � exible, high-aspect wing of the type found
on such vehicles as high-altitude long-endurance aircraft and sailplanes. The wing is modeled structurally as an
Euler–Bernoulli beam with coupled bending and twisting motions. A general unsteady nonlinear vortex-lattice
technique is used to model the � ow around the wing and provide the aerodynamic loads. The structure, the � owing
air, and the controller are considered the elements of a single dynamic system, and all of the coupled equations
of motion are simultaneously and interactively integrated numerically in the time domain. The results indicate
that the aerodynamic nonlinearities alone can be responsible for limit-cycle oscillations and that the saturation
controller can effectively suppress the � utter oscillations of the wing when the controller frequency is actively
tuned.

I. Introduction

W E investigate a novel strategy for suppressing the � utter of
wings by means of active, nonlinear feedback control. For

this investigationwe combine the conceptsof saturation-basedcon-
trol, which were recently developed by Oueini et al.1 for externally
and parametrically excited structures with state-of-the-art tools for
simulating aeroelastic responses. We consider the wing structure,
the � owing air, and the controller to be the elements of a single
dynamic system. The nonlinear, coupled equations governing the
structuraldynamics, the aerodynamics,and the controllerdynamics
are numerically integrated in the time domain. The solution simul-
taneously provides the motion of the wing structure, the unsteady
� ow� eld, as well as the commands generated by, and the response
of, the controller. For a description of the numerical technique to
simulate � utter, see Strganac,2 Strganac and Mook,3 Preidikman,4

and Preidikmanand Mook.5 They showed that the presentnonlinear
aerodynamic model and a linear structural model are suf� cient to
predict limit-cycle oscillations.

In prior work related to the present effort, Luton and Mook6 de-
veloped a similar numerical simulation of wing � utter, which did
not use a � nite element model for the wing structure, and Preidik-
man and Mook7 developed a similar, two-dimensional simulation
of wind-excited oscillations of long-span bridges. In both cases a
linear feedback control system was added to the simulation, and a
set of gains was determined to suppress the � utter well beyond the
critical speed for the uncontrolled system.

In the present work we extend the nonlinear saturation-based
controlconceptdevelopedin Ref. 1 to includenonideal,self-excited
systems and the simulation developed in Refs. 2–7 to include an
active, integrated, nonlinear controller. Though the controller that
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we introduce here is nontraditional and modern, the concept on
which it is based has a rather long history.

In 1863 William Froude8 noted that a ship whose pitch frequency
is, or nearly is, twice its roll frequency has unusual sea-keeping
characteristics (see Ref. 9). It took more than 100 years to de-
velopa thoroughunderstandingof the roll-pitchconnection.Nayfeh
et al.10 modeled the pitch and roll motions with nonlinearordinary-
differential equations that were coupled with quadratic nonlinear
terms. They obtained an asymptotic approximation to the motion
of such a “two-to-one” ship in head or following seas with the en-
counter frequencyat or near the pitch frequency.The approximation
exhibits the saturation phenomenon.

Saturationis the termused to describethe followingbehavior.Ini-
tially, when the amplitude of the excitation (wave height in the case
of ships) is small, the ship pitches but does not roll. Moreover, the
amplitude of the pitch motion increases linearly with the amplitude
of the excitationwhile the roll remains unexcited,in accord with the
linear theory, until a certain critical amplitude of the pitch motion
is reached. At this point, the pitch motion appears to be saturated,
its amplitude no longer increases when the wave height increases
but remains constant, and the ship begins to roll as energy � ows
from the saturated pitch motion into the heretofore unexcited roll
motion. The critical amplitude at which the energy transfer from
pitch to roll begins dependson the damping in roll and the detuning
between the natural frequencies in roll and pitch. The smaller these
two quantities are, the smaller the critical amplitude is.

Although saturation was discovered in the context of ship mo-
tions, it appears in other nonlinear systems as well. Haddow et al.11

found saturation both experimentally and theoretically while in-
vestigating modal interactions in a structure. They considered an
L-shaped structure with relatively large concentrated masses near
the top of the L and at the juncture of the vertical and horizontal
members.By adjustingthe positionof the mass on the verticalmem-
ber, they were able to make the � rst natural frequencybe very nearly
twice the second. The structure was excited by attaching the right
end of the horizontalmember to a shaker. They found that when the
structure was excited near the second natural frequency the second
mode quickly became saturated and energy was transferred to the
� rst mode. Subsequently,Oh et al.12 experimentallyfound the insta-
bility in ship dynamics, but most likely because of wall effects did
not see saturation.Based on their observations,Haddow et al.11 sug-
gested the idea of exploiting the phenomenonas a passive vibration
absorber. Here the idea is to make an active vibration absorber by
having the structure play the roll of the pitching motion. Although
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the motionof the structureis a combinationof several free-vibration
modes, they all have the same time dependence when the structure
is at the point of � utter; hence, at this point the structurebehavesas a
single-degree-of-freedom system.The controller,which is governed
by a second-order ordinary-differentialequation, plays the roll of
the rolling motion. The frequency of the controller is continuously
adjusted so that the two-to-one ratio of the structural and controller
frequenciesis nearly exactlymaintainedat all times. As a result, the
transfer of the energy absorbed from the airstream by the structure
to the controller, where it can be dissipated, is greatly enhanced.

Haxton and Barr,13 Hatwal et al.,14 and Culvaci and Ertas15 were
unaware of the saturation phenomenon, but successfully experi-
mented with passive control of structures via quadraticallycoupled
vibrationabsorbers.Nayfeh and Zavodney16 and Balachandranand
Nayfeh17 examined a physical system similar to that of Ref. 11.
Their system was mathematically equivalent to the passive con-
trol systems examined previously, but without control. For rather
large amplitudes of the excitation, they identi� ed regions of ape-
riodic and chaotic motions that superseded the saturated response.
Tuer et al.18 introduced an electrical circuit as the tuned additional
mode and provided active control of the free vibrations of a can-
tilevered beam. Oueini et al.1 extended the work of Ref. 18 to the
control of forced systems and realized practical implementations
of the vibration absorber that induces the saturation phenomenon,
which was proposed by Haddow et al.11 For a thorough review of
theirs and related work, see Oueini19 (data also available on-line at
http://scholar.lib.vt.edu/theses/available/etd-042399-012248/).

We employ the concepts of saturation-basedcontrol,which were
developed for externally forced systems, to suppress the � utter of
a wing. Unlike previous investigations, this study focuses on the
control of a � uttering wing, which is an example of a nonideal,20

self-excitedsystem(nonidealin the sensethattheaerodynamicloads
and the resulting structural response are not independent and must
be determined simultaneously).

The simulationtoolconsistsof � ve independentmodules:a model
of the structure, a model of the � ow� eld, a model of the control
system, a method for combining the models, and a time-domain
numerical scheme for integrating all of the governing equations
simultaneouslyand interactively.We balancephysicalaccuracywith
computational ef� ciency by using the general unsteady nonlinear
three-dimensionalvortex-latticemethodto model theaerodynamics.
Tang et al.21 have recentlydemonstratedthe existenceof limit cycles
by coupling a reduced-ordervortex-latticemethod with a nonlinear
structural plate model, but we show, as was done in Refs. 4 and
5, that aerodynamic nonlinearities alone are suf� cient to sustain
limit-cycle oscillationsof the wing.

II. Numerical Models
We model a wing that is typical of a sailplane or high-altitude

long-endurance(HALE) aircraft.Despite the relatively slow speeds
at which these vehicles travel, aeroelastic effects are a primary con-
cern owing to the extremely � exible nature of their high-aspect-
ratio wings. The structural model is linear, and the dynamics of the
structure (e.g., � utter) occur aroundthe nontrivial static equilibrium
position of the wing, which is found as part of the solution. The
models of the � ow� eld and control system are nonlinear.

A. Structural Model
The wings are modeled as cantilevered Euler–Bernoulli beams

with linearly coupled bending w.y; t/ and twisting ®.y; t/ motions
as shown in Fig. 1. The partial-differentialequationsgoverningsuch
a beam are

[E I .y/w 00.y; t/]00 C ¹.y/ Rw.y; t/ ¹.y/rx .y/ R®.y; t/

D Qw.w; Pw; Rw; ®; P®; R®; y; t; history/ (1)

[G J .y/® 0.y; t/]0 C Ip.y/ R®.y; t/ ¹.y/rx .y/ Rw.y; t/

D Q®.w; Pw; Rw; ®; P®; R®; y; t ; history/ (2)

where primes denote partial derivatives with respect to the span-
wise coordinate y and dots denote partial derivatives with respect
to time. The physical properties are the bending stiffness E I .y/,

Fig. 1 Beam with an asymmetric cross section that would experience
linearly, coupled bending and twisting motions.

the torsional rigidity G J .y/, the mass per unit length ¹.y/, and the
cross-sectional moment of inertia I p.y/ of the beam; rx .y/ is the
separation of the inertial and elastic axes in the xy plane. Qw.¢ ¢ ¢/
and Q®.¢ ¢ ¢/ are the generalizedaerodynamicand control forces for
bending and twisting, respectively.

Equations (1) and (2) are the same as those derived by
Timoshenko22 and are consistent with the reduced set derived by
Rao.23 They reduce to the classical � utter equations24;25 when one-
mode expansions are used for both the bending and torsion modes;
however, one-mode expansionsare not adequate for the present ex-
ample.

Using the � nite element method to discretize the governingequa-
tions in space, we expand the bending and torsional displacements
as follows:

w.y; t/ D
2NX

j D 1

´ j .y/d j .t/ (3)

®.y; t/ D
NX

j D 1

2 j .y/e j .t/ (4)

where N is the number of elements. We use the linear � nite element
approximation functions for the torsional trial functions 2 j .y/ and
Hermitian cubic interpolation functions for the bending trial func-
tions ´ j .y/.26

The spatially discretized equations are found by substituting ex-
pansions (3) and (4) into Eqs. (1) and (2), premultiplying the � rst
equation by ´i .y/ and the second by 2i .y/, and integratingover the
length of the beam. The result is

QM Rx.t/ C QK x.t/ D F.t/ (5)

which is a set of 3N coupled equations, N of which correspond to
translationalmotion, w.y; t/, and have dimensions of force and the
remaining2N correspondto rotationalmotion,®.y; t/ and w0.y; t/,
and have dimensions of moment.

The � nite element equations are uncoupled by introducing the
transformation

x.t/ D 8y.t/ (6)

where 8 is the modal matrix de� ned so that Eq. (5) reduces to

M Ry.t/ C K y.t/ D 8T F.t/ (7)

where both M and K are diagonal matrices and y.t/ is the dimen-
sionlessmodal vectorof length 3N . PremultiplyingEq. (7) by M 1,
we obtain the governingequationsfor the structuraldynamics of the
wing in terms of the � nite element modes as

Ry.t/ C N3y.t/ D M 18T [FA.t/ C FC .t/] (8)

where N3 is the diagonal matrix of natural frequencies squared and
we have split the force vector F.t/ into aerodynamic forces FA.t/
and control forces FC .t/.

Instead of the � nite element method a more direct approach is
to use a Galerkin procedure on Eqs. (1) and (2). We use the � nite
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element method to demonstrate the versatility of this time-domain
simulation;here only the modal matrix 8, the modal masses M , and
the modal frequencies N3 are required.

The dimensionless governing equations are

Ry.¿/ C 3y.¿ / D T 2
c M 18T [FA.¿/ C FC .¿/] (9)

where dots now representderivativeswith respect to the dimension-
less time ¿ D t=Tc, 3 D T 2

c
N3 is thediagonalmatrix of dimensionless

natural frequencies squared, and Tc is a characteristic time.

Fig. 2a Comparison of the lift forces generated by the rigid wing (– – –)
and the � exible wing (——) as functions of angle of attack.

Fig. 2b Aerodynamic representation of a rigid wing and its wake.

Fig. 2c Aerodynamic representation of a � exible wing responding in � utter and its wake.

B. Aerodynamic Model
The general three-dimensionalnonlinear unsteady vortex-lattice

method is used to predict the aerodynamic loads. It can handle ar-
bitrary unsteady subsonic maneuvers of wings of arbitrary plan-
form. The method becomes unreliablewhen stall or vortex bursting
near the wing occurs. For details, see Konstadinopoulos et al.27 or
Preidikman4 or the works of Belotservkoskii,28 Belotservkoskiiand
Lifanov,29 or Lewis.30 Sarpkaya31 gives an excellent review of com-
putational methods with vortices through the mid-1980s.

As a wing moves through air, it creates vorticity in the boundary
layers that form on its surfaces and then sheds that vorticityfrom the
wing tips and trailing edges to form the wake, or free-shear layer,
behind the wing. We assume that all of the vorticity in the � ow� eld
is located in these boundary and free-shear layers. Furthermore,
we approximate these boundary and free-shear layers as in� nitely
thin vortex sheets. We discretize these sheets by a lattice of discrete
vortex segments for computational ef� ciency.

The positionof the bound lattice,which representsthe wing, is on
the camber surface and deforms with the wing during the solution.
The strength of the vorticity in the free lattice, which represents
the wake, is known from the solutions at earlier time steps. We use
the boundaryconditionsto determine the strengthof vorticity in the
bound lattice and the position of the free lattice. These conditions
are 1) on the wing lattice—no penetrationcondition,2) on the wake
lattice—no pressure discontinuity across the lattice, 3) interface of
the wing and wake lattices—the loading vanishes, and 4) in� nitely
far from the wing and its wake—the disturbancecreatedby the wing
disappears.We impose theno-penetrationconditiononthedeformed
grid.This requirescalculatingthe in� uencematrix at each time step.

We use the Biot–Savart law for a � nite-length vortex segment to
calculate the � ow associatedwith each vortex segment of the model
and the unsteady Bernoulli equation at each control point of the
bound vortex lattice to calculate the loads on the wing.
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Fig. 2d Flutter response envelope of the � exible wing.

The vortex-latticemethod has been widely used for aerodynamic
simulations(Refs. 27–30 and 32–34) and recentlyfor � uid-structure
interactionproblems (Refs. 4–7, 21, and 31), as we do here. For the
present example, we model the wing as a single sheet of vorticity
coincidentwith the wing camber surface.Figure 2 shows the lattices
used for the aerodynamic simulation following an impulsive start.
In Fig. 2a the steady lift for stable conditionsis plotted as a function
of the angle of attack for two airspeeds. The broken lines are the
results for a rigid wing, and the solid lines are those for a � exible
wing. Clearly, the � exibility produces a noticeable degradation in
the performance. In Fig. 2b a free lattice for one of the computed
wakes and the bound lattice for the rigid wing are shown. The wing
tip and startingvortex systems are clearlyevident. In Fig. 2c the free
and bound lattices are shown for a � exible wing going into � utter.
The unsteadiness is manifested in the wavy structure of the wake,
in contrast with the structure of the wake in Fig. 2b. In Fig. 2d the
limits of the motion of the same wing are shown. The � utter motion
takes place about the unstable static equilibrium position.

The entire wake is shown for both cases, but we generally do
not keep all of it. Some of the wake is necessary for predicting
the � ow� eld around and the unsteady aerodynamic loads on the
wing. The wake, which is predicted as part of the solution, is the
historian of the � ow. In the present simulation, we retain the wake
for approximately ten chord lengths behind the wing and discard
that further away.

In Fig. 3 the fast Fourier transforms (FFTs) for modes 2 and
3 are shown for several different airspeeds. The results show the
merger of the frequenciesassociatedwith these two modes.The � rst
mode essentiallydescribes the static de� ection and has a very small
unsteady component at the � utter frequency.When the frequencies
merge, the time-dependent coef� cients in Eqs. (3) and (4) have the
following form:

d j .t/ D D j e
i!t ; e j .t/ D E j e

i!t

where ! is the � utter frequency,which dependson the amplitudeof
the motion, and D j and E j are constants. Then the expansions for
the de� ections, Eqs. (3) and (4), take the following form:

w.y; t/ D

"
2NX

j D 1

´ j .y/

#
ei!t ; ®.y; t/ D

"
NX

j D 1

2 j .y/

#
ei!t

The coef� cients
2NX

j D 1

´ j .y/

NX

j D 1

2 j .y/

are the nonlinear � utter-mode shapes.
For the calculations shown in the � gures, we used the follow-

ing structural parameters: E I D 105 N-m2, G J D 1:5 £ 105 N-m2,
¹ D 10 kg/m, I p D 15 kg-m, and rx D 0:15 m. For the aerody-
namic model the wing has an aspect ratio of approximately 10, the
planform is tapered, and the cross sections are those of a Wortmann
FX 60-126 airfoil.The calculationswere performedat an altitudeof
1500 m (i.e., ½ D 1:020 kg/m3 ), and the angle of attack was adjusted

Fig. 3 Moduli of the FFTs of the mode 2 (– – – ) and mode 3 (——)
responses of the wing to a disturbance near the � utter boundary.

so that the static lift force was approximatelyequal to the weight of
a typical HALE aircraft (¼10,000 N).

C. Controller
The levelof re� nementof aeroelasticcontrolstrategieshashugely

increased because of the unrelenting desire to “push-the-envelope”
of � ight technology. Passive control strategies are still prevalent;
however, active control techniques are currently receiving the most
investigative efforts.

The present technique is similar to that of positive position feed-
back developed by Fanson and Caughey.35 They used a tuned,
second-order compensator circuit to suppress the undesirable vi-
brations. Instead of coupling the system to the controller linearly,
they used nonlinear feedback where any appropriate quadratic cou-
pling of position, velocity, or acceleration can be applied.19

The actuator applies a uniformly distributed torque along the
elastic axis according to the following voltage-torque constitutive
relationship:

T .t/ D K1 tanh
£
K2V .t/2

¤
(10)

where V .t/ is the voltage supplied to the actuator, T is the output
torque, and K1 and K2 are constants, the former representing the
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actuator authority and the latter an adjustable scaling factor. The
actuator torque has the nice properties of being nearly linear when
K2V 2 is small and approaching§K1 as K2V 2 ! § 1.

We augment the dimensionless governing equations of motion
[Eq. (9)] with the equation describing the controller dynamics:

Ry C 3y D T 2
c M 18T .FA C FC / (11)

RV C ¹c
PV C !2

c V D K3 Py j
PV (12)

where the voltage V .¿ / is the dimensionless controller coordinate,
!c is the controllerfrequencytuned to one-half the � utter frequency,
¹c is the controllerdamping coef� cient, and K3 Py j

PV is the quadratic
coupling term between the � uttering mode y j and the controller V .

The forcing vector FC .¿/ is the projection of the control torque
onto the � nite element model, which has three degrees of freedom
per node and is given by

FC .¿ / D
»

0 1 0

.Node 1/

­­­­¢ ¢ ¢
­­­­
0 1 0

.Node N/

¼ T

T .¿/

Three structural modes are used. The � rst is primarily the � rst
bending mode, the second is primarily the � rst torsion mode, and
the third is primarily the second bendingmode. We write the system
of equations in scalar form by de� ning

fa D f fa1 fa2 fa3gT D T 2
c M 18T FA (13)

where fa j is the projection of the aerodynamic load on the j th
structural mode; similarly, we project the nodal torques onto the
modes of the structure

T 2
c M 18T FC D f®1 ®2 ®3gT T .¿ / (14)

and note that the control effort spills over onto all three modes, but
the mode 2 component is much larger than the other two; that is,
®2 À ®1 and ®3 because the inertial coupling is weak (i.e., rx ¿ 1).

The scalar system of equations is

Ry1 C !2
1 y1 D fa1 C ®1 K1 tanh

£
K2V 2

¤
(15)

Ry2 C !2
2 y2 D fa2 C ®2 K1 tanh

£
K2V 2

¤
(16)

Ry3 C !2
3 y3 D fa3 C ®3 K1 tanh

£
K2V 2

¤
(17)

RV C ¹c
PV C !2

c V D K3 Py2
PV (18)

All modesparticipatein the � utter responsesfor the wing,butwe use
only the mode 2 responsefor the nonlinearcouplingin the controller
equation.

III. Combining Models
An important step in the development of this simulation is com-

bining the structural, aerodynamic, and control models. There is no
restriction on these models, and so they can be modi� ed indepen-
dently. But the simulation code must know how the deformations
of the aerodynamicgrid are related to the structuraldeformationsin
order to combine them correctly.Figure 4 shows crude aerodynamic
and structuralmodels overlayed.The aerodynamicmesh used in the
actualsimulationspresentedhere is a 5 £ 25 mesh, and the structural
mesh has 15 elements.The aerodynamiccontrolpointsare locatedat
the centroid of the corners of each panel and are where both the no-
penetration boundary condition is applied and the unsteady loads
are calculated.

Fig. 4 Simpli� ed picture showing the overlay of the aerodynamic and structural grids.

We must consider the projectionsof the structural displacements
onto the aerodynamic grid and the projections of the aerodynamic
loads onto the structural grid. We imagine a rigid link, perpendic-
ular to the spanwise y coordinate, connecting each aerodynamic
grid point to the structure. In general, the connecting point on the
structure will not fall on a � nite element node, and so the code
interpolates.

The displacement of each point in the aerodynamic grid,
uA D fux u y uzgT , has contributions from both the displacements
and rotations of the structure. For this example, we have only three
degrees of freedom for the structural model uS D fµ1 µ2 u3gT . The
relationship between uA and uS can be expressed as

uA D

2

4
0 z 0

z 0 0

0 x 1

3

5 us D GuS (19)

where x and z are the coordinates of the aerodynamic grid point
with respect to the structural connection point.

We require the virtualwork doneby the aerodynamicloads on the
aerodynamicmesh to equal the virtual work done by the equivalent
structural loads on the structural grid:

±WA D ±WS

¡
FA

A

¢T
±uA D .FA/T ±uS

where the FA
A are the aerodynamic loads on the aerodynamic mesh

and the FA are the equivalent aerodynamic loads projected onto the
structural mesh [Eqs. (8) or (9)]. We use Eq. (19) to obtain

±uA D G±uS

and, because of the arbitrariness of ±uS we obtain

FA D GT FA
A (20)

IV. Time-Domain Solution
The solution is obtained by numerically integrating all of the

governingequations simultaneously in the time domain. We use an
adaptation of Hamming’s fourth-order predictor-correctormethod.
At each time step we begin the calculationsby convectingthe wake
to its new position. Then, using the current loads, velocities, and
positions, we solve Eqs. (9) for the structural motions y.¿/ and
Eq. (18) for the controller response V .¿/. Using the latest predic-
tions to obtain the boundary conditions for the aerodynamicmodel,
we calculate the aerodynamic loads at the end of the time step and
then re-solve(i.e., correct) for y.¿ / and V .¿ /. We repeat this process
until there is convergence;we do not recalculate the position of the
wake during this iteration. Numerical experiments have shown that
other proceduresin which the positionof the wake is iterated do not
yield noticeably different results.

V. Results
The uncontrolled(for t < 4500) and controlled (for t > 4500) re-

sponsesof the structureare representedas functionsof time in Fig.5a
for an airspeedof 65 m/s (about145 mph). The results in Fig. 3 show
the critical airspeed to be in the range of 50–55 m/s (about 115–

120 mph), and so the response represented in Fig. 5a corresponds
to an airspeed that is about 20–25% above the airspeed at the onset
of � utter. These airspeeds are well within the range where an in-
compressible model of the � ow� eld can provide good results. For
t < 4500 the results show initial transients slowly evolving into a
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limit cycle. In developing the numerical simulation of the uncon-
trolled response, Preidikman and Mook5 gave the wing a wide va-
riety of initial conditionsfor the same airspeedand found that all of
them evolved into the same limit-cycle oscillation.As the results in
Fig. 3 also show, they found that the amplitude and frequencyof the
limit cycles that evolve increase with the airspeed. But, Preidikman
and Mook also found a second critical airspeed where the system
experiences a secondary subcritical Hopf bifurcation that renders
the limit cycles unstable. Above this second critical airspeed, the
amplitude and frequency of the limit cycles are modulated. In the
present example the wing is considerablymore � exible than the one
considered by Preidikman and Mook, and the secondary instability
occursat an unrealisticallylarge amplitude.All of the present results
apply below the second critical airspeed.

For t > 4500 after the controller with a � xed frequency equal
to that of the uncontrolled response at 65 m/s is activated, the re-

Fig. 5a Modal amplitudes and controller voltage as functions of time
for the quadratically controlled system when the controller frequency
is maintained constant.

Fig. 5b Frequencies of the mode 2 and mode 3 responses as functions
of time.

Fig. 6a Modal amplitudes and controller voltage as functions of time for the system response with quadratic velocity control implementation, before
and after the controller is activated at t = 4500.

sults show a beating phenomenon,which is explainedwith the help
of Fig. 5b. In this � gure the frequencies of the second and third
modal amplitudes are represented as functions of time. In the sim-
ulations the frequency is determined by noting the time between
zero crossings of the modal amplitudes in the same direction. We
see that the modes initially respond with their zero-� ight-speed fre-
quencies, but by t D 1000 the frequencies have essentially merged,
the system is in � utter, and a limit-cycle oscillation is evolving.

Fig.6b FFTs of the modalresponses before the controlhasbeen turned
on.

Fig. 6c FFTs of the modal and controller responses after the control
has been turned on.
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Fig. 7 Modal amplitudes and controller voltage as functions of time for the � uttering system before and after controller activation at t = 4500.
Disturbances are input to the system at t = 5500 and 6500.

When the controller is suddenly activated at t D 4500, it introduces
a strong disturbance that immediately destroys the � utter response,
causing the two modal frequencies to split. But the system quickly
starts to return to the old � utter attractor, and the two frequencies
soon merge onto the � utter frequency for 65 m/s. The controller
frequency, which is � xed in this example, is tuned to one-half of
this frequency. Under the action of the controller, the amplitude of
the response begins to decrease. However, when the amplitude de-
creases the frequency of the response also decreases detuning the
control system. The detuned control system is not as effective as
it was, and so the amplitude and frequency of the response begin
to increase back toward the conditions that prevailed for the un-
controlled system in � utter. Then, as the amplitude and frequency
increase the system retunes itself, and the controller becomes very
effective again. Consequently,the amplitude and frequency stop in-
creasing and begin to decrease again. This cycle repeats causing
the beating phenomenon shown in the � gure. Comparing Figs. 5a
and 5b, we see that the low-frequency responses are also the low-
amplitude responses.

The preceding observations lead to the conclusion that to effec-
tively suppress the � utter we must actively tune the frequency of
the controller. Oueini et al.1 also found it necessary to adjust the
frequency of the controller in their experiments on ideal, externally
excited systems. In Fig. 6a the uncontrolled(for t < 4500) and con-
trolled (for t > 4500) responses of the structure are represented for
an airspeed of 65 m/s. For t < 4500 the results are the same as those
given in Fig. 5a. Soon after the actively tuned controller is activated
at t D 4500, some large transients develop, but they are eventually
suppressed; the actively tuned, variable-frequency controller then
keeps the amplitude of the motion very small. In Fig 6b the FFTs
of the uncontrolled response are plotted. After some time all three
modes are responding at the same frequency of nearly 11 Hz as in-
dicated. The initial large transient in the response of the � rst mode
producesthe small peak at about 2 Hz in its FFT. In Fig. 6c the FFTs
of the structural and controller responses are shown after the con-
troller has been activated.The slowly varying frequencyof both the
response and the controller is responsible for the side bands and the
thickeningof the peaks that appear in the FFTs of both the structural
and controller responses. The relatively large transients in the � rst
mode produced by the sudden activation of the controller produce
a small peak near 2 Hz in its FFT.

In Fig. 7 the response of the wing is again shown as a function of
time. As before, there is no control for t < 4500.After the controller
has been activated and the � utter suppressed, the wing is disturbed
once at t D 5500 and once at t D 6500 to test the stabilityof the con-
troller. In this limited test the controller quickly reduces the ampli-
tude after each disturbance.Therefore, it appears likely that the con-
troller is capableof suppressingthe � utterandkeepingit suppressed.

VI. Conclusions
We extended an existing nonlinear saturation-basedcontrol con-

cept to nonideal, self-excited systems, and we extended earlier
nonlinear unsteady aeroelastic simulations to include an active,

integrated,nonlinearcontroller that can twist the wing. These exten-
sions made it possible to apply this controlconcept to an aeroelastic
problem for the � rst time. We showed that saturation-basedcontrol
can be effectively implemented to suppress the limit-cycle oscilla-
tions of the wing, which are caused entirely by the aerodynamic
nonlinearities,even when we do not explicitly know what the non-
linearitiesare. We found it necessary to actively adapt the controller
becauseof the nonideal,nonlinearnature of the system, speci� cally
the frequency–amplitude dependence.
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